RAPID COMMUNICATIONS

Two reaction zones in a competing reactions system with initially separated components
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The long-time properties of a system with initially separated components and two competing reactions,
reversibleA; + B« C; and irreversibleA,+B—C,, are studied. It is assumed that the backward congtant
of the reversible reactio®;+B«<—C, is small. The dynamics of the system is described by means of a
crossover from an “irreversible” regiméor timest<g;1) to a “reversible” regime(for timest>g[1). Itis
shown that in contrast to the “irreversible” regime, where both reactions occur in one reaction zone, the
“reversible” regime is characterized by two distinctive reaction zones. These amth8« C, reversible
reaction zone and th&,+ C;— A+ C, irreversible reaction zone. Numerical computations of the mean-field
kinetic equations confirm these asymptotic results.
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The reaction-diffusion systems with initially separated re- The following is shown:(a) The long-time dynamics of
actants have recently attracted much attenfibnlQ. A se- the considered system can be presented as a crossover from
ries of reactions, both irreversible and reversible, have beethe “irreversible” regimet<g; * to the “reversible ” regime
studied in the framework of the one reaction zone approach>>gl—1 , similarly to the single reaction casé) The irre-
~ The bimolecular irreversible reactioA+B—C with  yersiple regime t<g;® coincides with a long-time
initially separated reactants leads to the formation of gsymptotic solution for two irreversible competing reactions;
distinctive reaction zon¢l]. The I?/rzlg-tlme [properties of hoth irreversible reactions occur in one reaction zoné/”.
th'slergeaCt'O” zoneils;zcale ag~t7, w~t" R(X;,t)  (¢) The macroscopic pattern of the reversible regime of the
~t 7% and R()~t" ™, wherex; and w are the center considered system drastically changes relative to the irre-
coordinate and the width of the reaction zone, respectivelyyersiple regime. Two new reaction zones, a reversible and an
R(x;,t) andR(t)=JR(x,t)dx are the local and the global jeversible, separated by the distaneéDt)Y2 appear. The
reaction rates, respectively. _ reversible zone is the single reversilfig+ B« C, reaction

The two competing irreversible reactioAs+B—C, and  zone. The reaction in the irreversible zone is the total irre-
A;+B—C, have been used ifi5,6] to explain the rich yersiple reactiomd,+ C;—A;+C,. (d) The condition that
spatio-temporal reaction zone pattern observed in experine front-to-front distance is essentially larger than the reac-
ment. Recently it was founfl0] that the long-time limit of  {jon zone widths is an outcome of quantitative limitations on
this system is characterized by one reaction zone with g,e values of time andy, in the reversible regimeg;
width ~t/8, where both reactions occur. _ <o and t>t, where the valueg.,; andt,; are

The system with a set of two irreversible reactiohs  fnctions of the system parametefs. Thus, in contrast with
+B—R andR+B—S has been discussed [7,9] by the  tne single reaction case @+ B« C, the macroscopic pat-
numeric method and with simplifying assumptions. In par-ter of the system changes through the crossover from an
ticular, the one reaction zone description was proposed fogreversible to a reversible regime. In this way the property
the long-time limit too[9]. L of the conservation of the macroscopic quantities is related to

The reversibleA+ B« C reaction with initially separated only a specific single reaction and does not relate to the
reactants has been considered4¢8]. The dynamics of the multiple reactions case.
single reaction zone for long timeés-< and the small back-  The two competing reactions, the reversible and the irre-
ward reaction constaigt— 0 is presented as a crossover fromyersiple with initially separated reactanta,( A, from the

the “irreversible” regime at times<g~* to the “reversible” right side andB from the left side are the following:
regime at times>g~* [4]. By means of a refined definition

of the reaction rateR,(x,t) [8], the reversible regime zone A;+B~Cq, (1)
properties are characterized by the scale relatignst®?,

w~tY2 R.(x;,t)~t~ %, andR,(t)~t~ Y2 It was also estab- A,+B—C,. 2
lished that the component distributions of the irreversible

and the reversible regimes on scal¢Dt)¥? are identical. ~ The initial concentrations o&,, A,, andB area, a,y, and

In this Rapid Communication we study a further degree ofb,, respectively. The system is described by the following
complexity of a set of two competing reactions. We assumequations:
that one of these reactions is reversible, 8ay B C, and

we study the long-time asymptotic behavior of this system. It day/dt=Dd%a;/9x*—Ry+g;cq, ()
is assumed that the backward reactions congganef the

reversible reaction is small, i.eg;—0. The main question dcy/t=Dd’cy/ax*+Ry—gsCy, (4)
is, how does the reversibility of one of the competing reac-

tions change the results for a set of irreversible reactions? dayldt=Dd%ayl Ix*— Ry, (5
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9C,1t=Dd%Cy/ IX>+ Ry, (6)  the B component are determined by the quanéify+a,—b

=F(z) +F,(z) — F3(z). Depending on the sign of this ex-
dblgt=Dd?bl 9x*— Ry — R+ 011, (7)  pression three regions of treaxis may be consideredl)

a;+a,—b<0 (z<zy); (2) a;+a,—b>0; (z>7); and(3)
with the initial conditions a;(x,0)=a;gH(x), a,(x,0) a;+a,—b=0 (z=z).
=agH(x), b(x,0)=bo[1-H(X)], and cy(x,0)=c,(X,0) In the first regionz<z, an excess oB exists in the long-
=0. Herea,, a,, b, ¢y, andc, are concentrations oh;,  time limit and noA; andA, are present at all. So from Egs.
A,, B, C4, andC,, respectively, andH(x) is the Heaviside (8)—(10) we obtain the profiles, which are consistent with
function, i.e.H(x)=0, if x<0 andH(x)=1, if x>0. Inthe  Egs.(11).

mean-field approximation we haw, =k;a;b, Ry,=Kkja,b, In the second regiom>z, we haveb~0 in the long-time
wherek, andk, are forward kinetics constants for reactions limit. Therefore the profiles of the components are described
(1) and(2), respectively. by Egs.(8), (9), and(14), and also by Eq(15), which fol-

For simplicity, the sam® is assumed for all components. lows from Eq.(10)
Since the sums;+c4, a,+c,, andb+c;+c, are given as
Cl+C2=F3(Z). (15)
a;+c¢,=0.5a;d1+erf(2)]=F4(2), (8)
An additional equation is required since we have five un-

a,tC;=0.58,d 1+erf(z)]=Fy(2), (9 known variables. For convenience Ef) was chosen. Let us
substitute Eq(14) into Eqg. (5). The reaction ratdR, is ex-
pressed aR,=(k,g;a,¢1)/(kya;). Assume the value od;

. 2 in region 2 is not small, which will be confirmed later. There-
wherez=x/ \/m erf_(z)_= (2N 0P uf)ld - . fore, the expressioR,~a,c, describes an irreversible reac-
_ In the long-time limitt—c, whent<g, °, i.e., in the 4,1 henyeena, andC, inside some reaction zone. Indeed,
|rrever5|ble. regime, the ba_ckward.tegmcl is cance_led, and  from Egs.(14) and (15)
both reactions become irreversible. The solution on the

b+C1+szo.a)o[l_erf(Z)]EF3(Z), (10)

~(Dt)Y? scale is given by10] for z<z,, Ry= 9C, /3t — D o%C, 1 9x2
a;=0a,=0, b=F1(2)—F2(2) —F3(2), =—dc,/at+Dad%cylax?
(11)
c1=F1(2), c2=Fy(2); =-R;+0:C;
for 2>z, =—Ry. (16)
a;=(F1+F,—F3)ao/(aptay), This means that the reaction rate of the reversible reaction
R;, is negative and equal in magnitudeRg in region 2. It
a,=(F;+Fy—F3)ag/(aptay, follows that the reactiod\; + B~ C, sharply deviates to the
left and the sum of the reactiorS;<—A;+B and A,+B
b=0, ci=Fzap/(aiptasy), Cr=Fzas/(ajptayy). —C,, i.e., the total reaction oA,+C;—A;+C,, occurs

(12) inside the irreversible reaction zone. The coordinateof
) . this reaction zone, just as for the single irreversible reaction
Herez, is defined by the Eq. case, is determined by the condition
a;ta;—b=F(zp) +F2(z9) —F3(z9)=0. (13 a,— Cy=F,(2)— F4(21)=0. 17)
The component distributions inside regiaa=z, are de-
scribed by the quasistatic equations. It may be shown that; > 7.

For the long-time reversible reginte-o andt>g; * the Taking into account the boundary conditions, it can be
equilibrium relation ! shown thata,~0 to the left andc,~0 to the right of the

irreversible reaction zone. On a macroscopic sea{®t)/?,
kia;b=g,c; (14 i.e., excluding regiong~z, and z~z,, we have from Egs.
(8), (9), (14), and(15) expression$18) and(19) for compo-
is true, due to the reversible character of the reacign nent profiles. Foz>z,,
+B<«C;. As for the single reversible reactid8] it is as-
sumed that;—0. In this case there is an excessBobr A; a;=F4(2), a,=Fy(z2)—F3(2), ¢1=0, c,=F3(2);
outside the zone, where the reaction occurs. Assume that the (18
long-time asymptotic solution may be presented on two
scales, namely, on the diffusion length scaleDt)¥?and on  for z;<z<z,,
the reactions width scale<(Dt)¥2 Further, suppose that

the long-time behavior of the system is determined by values a;=F1(2) +F3(2) —F3(z), a;=0,
a;tcq, a,+cy, andb+c,+c, and the relations between (19
them. The relation between thfg, and A, components and c1=F3(2)—Fx(2), c,=F,(2).
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FIG. 1. (a) TheA., A,, B, Cy, C, profiles, andb)—(d) the local rateR,,(j,n), andR,(j,n) profiles calculated by simulation of Egs.
(3)—(7) for the reversible regimg;t>1 (k;=1.0, k,=1.0,g;=10"3) at timesn=1x10°, 2x 1P, and 4x 10° are shown. Asymptotical
profiles of the components calculated on the basis of ELfg, (18), and (19) are presented for comparison t@mntinuous lines All
component concentrations are expressed in unitg,0The values of1,4/by=0.85 anda,,/by=0.15 are used in calculations.

Here z, may be inte

rpreted as the coordinate of the

Egs. (13) and (17)]. Assuming thata;g+ ayy~bg, it can be

+ B+« C; reaction front. This follows from the components seen that the magnitude of the front-to-front distarzge
distributions(11), (18), and(19) and the necessity to contact —Zz, relates to the initial concentratiorggg, a, asz;— z,

this front with region 1, where there is an excess of Bhe

""1 |f a10~a20, 21_20>1 |f a10>a20 and 21_20<1 |f

The components profiles inside the reaction zones are dé1o<az. The value of the distancg —z, substantually af-
scribed by quasistatic equations and by correspondinégcts time andg; for which the reversible description

boundary conditions,

the quasistatic equations and the boundary conditions deteie

like in Ref$1,8]. The same form of

zones A;+B—C;

becomes true. Indeed, the magnitudes of the width of
reaction

and A2+ ClHAl

mines the same long-time scaling behavior of the reversible-C, are determined by the values of time ami.

reaction frontw,; ~t2
and the irreversible

~17 28 Ry(t)~t~Y2[1]. Thus, the zone with two reactions
(A;+B—C; and A,+B—C,) in the irreversible regime
split into two different reaction zones: th®,+ B« C; re-
versible zone and th&,+C,;—A;+C, irreversible zone in

the reversible regime.

Note that the reaction front “coordinategy and z; de-
pend on the initial concentratiors, a,y, andb, only [see

Rra(X1,t)~t7%, Req(t)~t~ 2 [8]

reaction fromiv,~t"5 Ry(x;,t)  between

>erit

060101-3

These widths should be small compared to the distance
them: w,/(Dt)Y2w,/(Dt)Y?<z,—z,.
the evaluations w;~(g;c;Dt/k,a29)*? [1] and w,
~t YD Y2k a;,/9,ka,0) Y3 [8], the limitations on the time
and g; values can be written in the form;<<g¢; andt

With

here gy~ (21— 20)°kaaig/C10.  torie™ (Kadua/
91Ko800)/ (21— 20)3; ¢10 anday; are theC,; andA; concen-

trations near the reversible and irreversible reaction zones,
respectively. From these evaluations it can be shown that the
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most convenient condition for observing the two reaction(19). Figure 1b) illustrates reaction rates distributions at
zones in the reversible regimeds—zy~1. time n=4x10°. The two distinctive reaction zones can be
The validity of the reversible regime description wasclearly seen. Notice, thé;+ B« C; reaction rateR;, is
tested by solving numerically the Eq&)—(7). The exact equal in magnitude but opposite in sign to the+B—C,
enumeration methof2,3,8 was used. At first the diffusion  reaction rateR, in the irreversible reaction zone in concor-
step is calculated qnd then only the reactions are taken int@ance with Eq(16). In Figs. Xc) and Xd) the simulated data
account. The equations describing the reaction step were oby the reaction rates are presented in the appropriate special
talne_d on the basis _of the following ap_proxmanon _W|thout coordinates - j1)/nY2 and ( — j,)/n*® for some periods
considering the diffusion termsia,(j,n+1)=2a,(j,n)  of time. The coincidence of the calculated profiles for
+Riocall]), wherej is the discrete spatial point. The time gifferent times confirms the asymptotic solutions. The

step is equal to ong2]. . o following time dependencies are obtained from an analy-
A wide range of reaction constants and initial concentrasjs of the temporal behavior of the system at times
tions have been examined. The results of the simulationg<4x 10+é: Wy~nt048 W~ oL R (Xeq,N)

confirmed the validity of the conditiong;—z,~1, 91 ~n 0% R (Xp,n)~n %74 (x;1—X1p)~n" 05 and
<Gierit andt>t.; fpr the appearance of thg two reaction RrgloballwRgloba|2~n70'50- The calculated time exponents
zones in the_ reversible regime. T_he S|mula_t|ons of th<=T iMeare close to the asymptotic solution values.

versible regimeg,n=0.1<1 confirm the single reaction  Note that the time scaling inside the reversible zone
zone picture described by Edd1) and(12) of Ref.[10]and R (x., t)~t~! and inside the irreversible reaction zone
it is not prgsenteq here. Thg example'of the simulations oﬁz(xfz,t)~t‘2’3 are essentially different in the reversible re-
the reversible regimgyn>1 is shown in Figs. ®-1(d).  gime g,t>1, while the dependencies of the global reaction
The initial concentrations arealolpoz_o._85 and ax/by  rates on time are the sam;;(t)~t~ Y2 and Ry(t)~t~ 12
=0.15, such that, —zy=0.80. For simplicity the same con- So, we have the relationB,,(x;»,t)/Ry(X;1,t) ~t~ ¥ and

stants are usedk,; =k, =1.0. (If the constants are different, r _({)/R,(t)~1. These relations can be used for comparison
the time for achieving the reversible regime changes. It cag the results of our analysis with an experiment.

be evaluated by multiplying the simulated time of equal con- Thus, a system with initially separated components and
stants by the factdk, /k,. Thus, if we take the experimental competing reactions, one a reversiig+ B> C, and
value k; /k,=250[6], for example, then very long simula- 4 irreversible A,+B—C, are studied. Long-time
tion time is required for achieving the reversible regimeasymptotic behaviot— of the system assuming smaj
~250x6x10"*=1.5x10"". The decrease of this time can _( is analyzed. The dynamics of the system is presented as
be realized in practice by increasing the initial concentration, . qssover from the irreversibig,t<1 to the reversible
values of the componenisThe critical value of the back- {51 regime. A heuristic analysis of reaction-diffusion
ward reaction constant can be evaluatedgasii—kidio  equations confirmed by numerical simulation shows that the
~1.Itis assumed; =10 "<gc; - All component concen-  gysiem can be described as a two reactions zone pattern in
trations and reaction constants are expressed in unts.of e reversible regime. Thus, the introduction of the revers-
In Fig. 1(a) the calculated profiles of the components arejpjjity for one of the two competing irreversible reactions

presented in special coordinatesj ii’2 for some periods of  resyits in the appearance of a new reaction zone.
timesn. It can be seen that the profiles for different time are

very close together and to the profiles by Ed4), (18), and We are grateful to H. Taitelbaum for useful discussions.
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